We use the stochastic quantization method to construct a supersymmetric version of the quantum spherical model. This is based on the equivalence between the Brownian motion described by a Langevin equation and the supersymmetric quantum mechanics, which is connected with the existence of the Nicolai map.
I. INTRODUCTION
The stochastic quantization scheme was proposed by Parisi and Wu [1] , as an alternative method to quantize field theories. Roughly speaking, the construction is based in an analogy between Euclidean quantum field theory whose functional integration is weighted by the factor e − S h , where S is the Euclidean action, and the Boltzmann distribution of a statistical system in equilibrium e − U K B T , where U is the energy. By this proposal, to the quantum field it is associated a stochastic process whose evolution follows a Langevin or Fokker-Planck equation. The Green functions of the quantum theory are then obtained as the equilibrium limit of the correlations functions of the stochastic theory. Various investigations of conceptual and technical aspects of this method have been reported, as well as applications to numerical simulations in lattice field theories (see [2] [3] [4] and the references therein).
From another point of view, stochastic quantization provides connections between field theoretical models. Indeed, it relates a classical theory in D dimensions with a theory in D +1 dimensions, because it introduces an additional "time"direction in the system, a fictitious time whose evolution is governed by the Langevin equation. In this respect, without taking the equilibrium limit, stochastic quantization can be interpreted as a prescription for the construction of higher dimensional field theories, by considering the fictitious time as a physical parameter. Interesting enough is the arising of a supersymmetry in the fictitious time direction. This is connected with the existence of the Nicolai map, which will be discussed shortly. This issue plays a central role throughout this work. A modern and related approach of these aspects is presented in [5] .
The above observations may be positively exploited in favor of the quantization of the classical spherical model [6] , as explained from now on. The Hamiltonian of the model, in the presence of an external field h, is given by
where r and r ′ are lattice vectors, {S r } is a set of spin variables that assume continuous values, −∞ < S r < ∞, in a D-dimensional hypercubic lattice with periodic boundary conditions; U r,r ′ is the interaction energy that depends only on the distance between the sites r and r ′ , U r,r ′ ≡ U (|r − r ′ |). The S r variables are subject to the spherical constraint,
where N is the total number of lattice sites. The first step towards the quantization of the model is to provide a dynamic to the system. This can be done by including in the above Hamiltonian a term involving the conjugated momenta of the spin variables or, equivalently, by adding to its Lagrangian a kinetic term containing time derivatives of the spin variables. However, there is no unique way to choose the form of these terms and, moreover, different forms yield different dynamical behavior [7] [8] [9] . The stochastic quantization furnishes a natural framework to ameliorate this situation, because the spin variables are assumed to satisfy the Langevin equation, which then gives rise to a dynamic for the system, with the identification of the fictitious time as the ordinary time. We wish to apply this formalism to construct a supersymmetric version of the quantum spherical model. As we will see, the result of this process is naturally an off-shell supersymmetric theory, which is possible, as we said, due to the existence of the Nicolai map underlying to it.
Another question is about the critical behavior of the resulting supersymmetric model. In other words, we intend to investigate the existence of classical and quantum phase transitions, namely, phase transitions that occurs at finite and at zero temperatures, respectively, as the nonsupersymmetric counterpart exhibits both of them. An early supersymmetric formulation (on-shell) of the quantum spherical model was constructed in [10] , in which was also verified the existence of both classical and quantum phase transitions whenever the supersymmetry was broken.
Our work is organized as follows. We start in section II by reviewing some aspects of stochastic quantization in quantum field theory and in quantum mechanics, which are important for discussions in the subsequent sections. Section III is devoted to the construction of a supersymmetric quantum spherical model from the classical one via stochastic quantization. In section IV we use the saddle point method to evaluate the partition function of the supersymmetric model. The critical behavior at finite and at zero temperatures is discussed in section V. A summary and additional comments are presented in section VI. In the Appendix, we discuss the stochastic quantization of the mean spherical model.
II. SOME REMARKS ON STOCHASTIC QUANTIZATION
Before considering the stochastic quantization of the spherical model, let us initially outline some basic steps of the prescription for the stochastic quantization of a scalar field. Then we discuss the equivalence between Langevin equation and supersymmetric quantum mechanics. This simple analysis is an important point of our discussions to be performed in the next sections.
A. Stochastic Quantization of a Scalar Field Theory
In a general setting, the stochastic quantization of a field theory model, with a scalar field φ(x) depending on D-dimensional Euclidean space-time coordinates x and specified by an action S, proceeds as follows. The field φ(x) is assumed to depend on a fictitious time τ , φ(x) → φ(x, τ ), such that the evolution in this variable is governed by the Langevin equation
where κ is the diffusion coefficient that can be conveniently chosen, η(x, τ ) is a noise with a Gaussian distribution,
and S is the Euclidean action that must include also an integration over the fictitious time,
The theory arising from this process is a D + 1-dimensional one. Let us describe how to come back to a D-dimensional but quantum theory. For a specified initial condition in the fictitious time, the Langevin equation (3) has the noise-dependent solution φ η (x, τ ) whose correlation functions are defined as
with the normalized probability
and the partition function Z given by
The equivalence of this procedure with other quantization methods is established at the level of the Green functions [1] . In fact, it has been shown that under certain conditions which include the semi-positivity of the associated Fokker-Planck Hamiltonian, if we take τ 1 = · · · = τ N ≡ τ and then take the equilibrium limit τ → ∞, we obtain the time-ordered Green functions of the quantized field theory,
The quantization procedure above described can be summarized as follows. We start with an action in D-dimensional Euclidean space-time. The field is assumed to depend on a new time coordinate so that the resulting theory is a D + 1-dimensional one. In order to reach the quantum theory we take the equilibrium limit so eliminating the fictitious time and returning to a D-dimensional situation.
However, as we argued before, we may take a different route and consider this process as a prescription for the construction of D + 1-dimensional theories from D-dimensional ones. In this work we are interested in the D + 1-dimensional emerging theory itself. In quantum mechanics, for example, this establishes a quite interesting connection between the Brownian motion and the supersymmetric quantum mechanics.
B. Langevin Equation and Supersymmetric Quantum Mechanics
Let us start by considering a point particle whose spatial coordinate is x. Following the stochastic quantization prescription, the coordinate x is assumed to depend on the fictitious time τ ,
x → x(τ ). As mentioned before, we will not eliminate the fictitious time in the end of the process, but instead we will identify it just as the ordinary time. The Langevin equation (with κ = 1),
describes the Brownian motion of a particle in a heat bath subjected to a random noise. The partition function is given by the integral over the noise,
We perform a change of variable of integration η(τ ) → x(τ ) defined by the Langevin equation (10) to write the partition function as
The determinant can be written as an integral over anticommuting (Grassmann) variables ψ andψ,
where we have introduced V ≡ 
where we have discarded surface terms. From this expression, we may read out the effective Euclidean Lagrangian
that is exactly the Lagrangian of the supersymmetric quantum mechanics [11, 12] . As can be easily verified, it is invariant under the supersymmetry transformations
and δǭx =ǭψ, δǭψ = 0 and δǭψ =ǭẋ +ǭ V.
As usual, this supersymmetry can be cast in an off-shell formulation by introducing an auxiliary field F , so that the Lagrangian becomes
From the off-shell supersymmetry it is straightforward to construct the superspace formalism, which for the quantum mechanics it is constituted by the anticommuting coordinates θ andθ besides the time τ . For example, the superfield is expanded in terms of θ andθ, Φ = x +ψθ +θψ +θθF.
With the supercovariant derivatives
we may write the superspace action from the Lagrangian
such that L ′ ≡ V . In general, the existence of local or global symmetries implies relations between the Green functions of the corresponding theory, which are generically known as Ward identities. In particular, that is the case for the supersymmetry. A natural question then is about the role of the supersymmetry in the case discussed here. Interesting enough is the fact that this supersymmetry is the reflex of the forward and backward time propagation symmetry in an equivalent FokkerPlanck formulation, corresponding to the occurrence of two Fokker-Planck Hamiltonians known in the literature as forward and backward Hamiltonians [13] . Nevertheless, in the equilibrium limit τ → ∞ only the Hamiltonian associated with forward time propagation will be relevant.
The procedure outlined above is related with the existence of the so called Nicolai map [14] .
The Nicolai map deals with the characterization of supersymmetric theories by means of functional integration measures. In general terms, if we start with a supersymmetric theory and then integrate out the fermionic fields from the path integral, this will produce a non-trivial determinant. There exists a transformation (the Nicolai map) for the bosonic fields whose Jacobian cancels exactly the determinant coming from the fermionic integration. The result is just a bosonic free action.
In the quantum mechanical case, the Langevin equation constitutes an explicit realization of the Nicolai map! The route from Langevin equation towards the supersymmetric quantum mechanics corresponds to a Nicolai mapping in the inverse direction.
III. SUPERSYMMETRIC QUANTUM SPHERICAL MODEL
Based on the existence of the Nicolai map, in this section we will obtain the supersymmetric quantum version of the spherical model from the stochastic quantization procedure of its classical counterpart. We will not consider a dynamical model from the beginning. In fact, as we mentioned in the Introduction, there is no necessity of the addition of a kinetic term. On the contrary, the dynamics arises from stochastic quantization scheme as long as we recognize the fictitious time as the ordinary time. For the strict spherical model, to be discussed here, we need to implement the stochastic quantization for constrained systems [15, 16] , in which the Langevin equation itself is considered as a constraint.
Let us start with the classical Hamiltonian of the spherical model without external field
under the spherical constraint
For simplicity, we absorbed the factor 1 2 in the interaction energy U r,r ′ . The spin variables are assumed to depend on the fictitious time that we designate by t, S r → S r (t), and the action is given by
In the functional approach, by integrating over the auxiliary field σ means that we are dealing with the strict spherical model and not the mean spherical model. The Langevin equation is written as
where η r is the Gaussian noise of each lattice site and we are setting κ = 1. After calculating the functional derivative of the action with respect to the S r variable, the Langevin equation takes the
It is convenient to introduce a specific notation to unify the Langevin and the constraint equations [17] . To this end, first we consider the set of N + 1 fields (S r , σ) as components of a variable S a :
Next, we introduce the functions
with the definitions
and
According to this notation, the Langevin and the constraint equations are unified into the equation
The partition function is given by the integral over the noise
The integration measure DN symbolically stands for the functional integration over all the site lattices, DN ≡ a DN a = r Dη r . By introducing an unity in Z, we have
The determinant can be expressed in terms of integrals over fermionic fields Ψ a andΨ a as
with
and the delta function as
So the partition function acquires the form
By integrating over the variable N and using the fact that N a = 0 for a = N + 1, we have
This result is the master functional and when written in terms of the components it becomes
with the master action
By integrating over the fields σ, α, ζ, andζ in equation (39) In order to cast this expression in the desired final form, we need to perform a shift in the auxiliary field in the functional integration λ r → λ r +Ṡ r (that does not affect the constraint because rṠ r S r = 1 2 d dt ( r S 2 r ) = 0) and also it is convenient to change t → −t in the action. After this, we get the partition function Z = (DS)(Dλ)(Dψ)
This expression is interesting due to the following reasons. First, we may read out the Euclidean
Lagrangian
that is invariant under the set of supersymmetry transformations δ ǫ S r =ψ r ǫ, δ ǫ ψ r =Ṡ r ǫ + λ r ǫ, δ ǫψr = 0 and δ ǫ λ r = −ψ r ǫ
and δǭS r =ǭψ r , δǭψ r = 0, δǭψ r = −Ṡ rǭ + λ rǭ and δǭλ r =ǭψ r ,
where ǫ andǭ are fermionic infinitesimal parameters. Moreover, the delta functions in the integrand impose the constraints 
that turn out to be a supersymmetric constraints structure which are closed under (44) and (45).
From these observations, we recognize the model above obtained as an Euclidean off-shell supersymmetric extension of the quantum spherical model. In this formulation, λ r is the auxiliary field required by the off-shell supersymmetry to guarantee the matching of the degrees of freedom. We interpret the model defined from (42) as a quantum system constituted of bosonic (S r , λ r ) and fermionic (ψ r ,ψ r ) degrees of freedom at each lattice site, behaving effectively in a supersymmetric way and satisfying the constraints (46). To show how the quantum spherical model (not supersymmetric) may be obtained from stochastic quantization scheme, which is based in a procedure different from the above, we study in the Appendix A the quantization of the mean spherical model along the lines of section II A. There, the stochastic method is viewed strictly as a quantization method like the canonical or path integral quantization and, after we calculate the correlation function and eliminate the fictitious time, we obtain the usual condition of the quantum spherical model [9] .
The next step is to investigate both finite and zero temperature critical behaviors of the supersymmetric model. For this, we need to calculate the partition function.
IV. PARTITION FUNCTION
We will consider the large-N limit (thermodynamic limit) evaluation of the partition function (42). We wish to take into account the temperature, which means that the interval of integration of the Euclidean time runs from 0 to β and furthermore the fields satisfy specific periodic/antiperiodic conditions according to their bosonic/fermionic character: S r (0) = S r (β), λ r (0) = λ r (β), ψ r (0) = −ψ r (β), andψ r (0) = −ψ r (β). In order to perform the Gaussian integrals we redefine the auxiliary field λ r → iλ r , such that the path integral is given by
where we included a g-dependence in the kinetic terms that plays the role of a quantum coupling.
Indeed, in the Hamiltonian formulation it will appear multiplying the momenta term, such that the limit g → 0 will correspond formally to the classical limit. The next step is to employ the functional integral representation for the delta functions 
We introduce the Fourier transformation of the fields depending on r,
with (· · · ) r generically designating S r , λ r , ψ r , andψ r , and (· · · ) q the corresponding Fourier transformations. The partition function becomes
where we identified U (q) as the Fourier transformation of the interaction energy U r,r ′ ,
Now we will perform the integrations over the fields S q , λ q , ψ q , andψ q to obtain the effective action. First, we consider the integration over the field λ q ,
with ϕ q ≡ U (q)S q + γS q . By using the decompositions
and the fact that ϕ −q = ϕ † q and λ −q = λ † q , the result of integral (55) is
up to irrelevant constants. Next, we consider the integral over S q . By defining φ q ≡ (ψ q ξ +ξψ q ), and adopting a procedure similar to the above one, we have,
where we defined the operator
and have used the identity det M = exp(Tr ln M ). Finally, we integrate over the ψ q andψ q ,
By collecting the above results, the partition function (53) is given by
with the effective action
In the calculation of the traces we need to take into account the different boundary conditions for bosons and fermions in the Euclidean time. The reflex of these conditions is the arising of the discrete spectrum for frequencies, ω B n = 2nπ/β for the bosonic case and ω F n = (2n + 1)π/β for the fermionic case, with n ∈ Z.
The saddle point equations are determined by means of the conditions
We shall look for solutions (λ * , γ * , ξ * ,ξ * ) with all these parameters independent of the time. For simplicity of notation we write them simply as (λ, γ, ξ,ξ). By using the identity δTr ln A = TrA −1 δA we find that the conditions δS ef f /δξ = δS ef f /δξ = 0 are trivially satisfied with the choice ξ =ξ = 0.
From the condition δS ef f /δλ = 0, we obtain
with the bosonic frequency
The last saddle point condition, δS ef f /δγ = 0, leads to
where the fermionic frequency is defined as
The sum in q appearing in equations (64) and (66) must be understood as integrals in the thermodynamic limit,
The critical behavior of the system is determined by analyzing the saddle point equations near the critical point, that will be studied in Section V.
A. Ground State Energy
It is instructive to look at the ground state energy in order to make clear the situation where the supersymmetry is not broken. This can be obtained from the free energy according to the standard relation f = − 1 βN ln Z. By employing similar methods to the used above, we find the following result for the free energy
where the parameters λ and γ must satisfy (64) and (66). Then by taking the zero temperature limit T → 0 (β → ∞) in this expression we obtain the ground state energy E 0 ,
The supersymmetry requires the vanishing of the ground state energy. This is the case when λ = 0, where the bosonic and fermionic frequencies become equal ω B q = ω F q , independently of the value of γ. This show us that the requirement of supersymmetry, i.e., the vanishing of the ground state energy, does not fix the parameter γ.
V. CRITICAL BEHAVIOR
Let us investigate the critical behavior of the model by considering the saddle point conditions (64) and (66) near the critical point. The critical point is obtained when λ → 0 and γ → 0, and we parameterize the interaction U (q) in terms of a parameter x as U (q) ∼ q x 2 for small values of q ≡ |q|. We will also consider separately the situations of zero and nonzero temperatures.
We must restrict our analysis on two simple situations:
1. λ = 0 and γ = 0, where the bosonic and fermionic frequencies become equal, corresponding to the supersymmetric situation at zero temperature, as discussed before. At the same time, as the parameter γ can be interpreted as a mediator of the interaction between bosons and fermions, a nonvanishing value of γ implies a coupling between the bosonic and fermionic degrees of freedom; 2. λ = 0 and γ = 0. This corresponds to the situation where the supersymmetry is explicitly broken. Furthermore, in this situation there is a decoupling between the bosonic and fermionic degrees of freedom, because we are "turning off"the parameter responsible for implementation of the constraint that mix the corresponding degrees of freedom.
A. Finite Temperature
In this situation the thermal fluctuations are responsible to drive the phase transition and the supersymmetry is broken by the temperature independently of the parameters λ and γ, essentially due to different distributions for bosons and fermions. In order to study the critical behavior we expand the hyperbolic functions coth x = By subtracting the equation (64) near the critical point from itself at the critical point we get
where t g ≡ (g − g c )/g c , with g c being the value of g at the critical point. We see that the upper
This result is different from that obtained for the quantum spherical model [9] due to the coupling between bosons and fermions, as argued before.
2. λ = 0 and γ = 0
In this situation, there is a decoupling between the bosonic and fermionic degrees of freedom and we have effectively only the spherical constraint. Consequently, the critical behavior reduces to that of the bosonic quantum spherical model [9] 
The upper critical dimension is given by D u = 2x.
B. Zero Temperature
In this situation the phase transition is governed exclusively by quantum fluctuations and it is really a quantum phase transition. By taking the temperature equal to zero, the saddle point equations (64) and (66) reduce to
The sums above converge if D > x/2, defining the lower critical dimension D l = x/2 in the quantum case. This situation corresponds to the supersymmetric case, where the bosonic and fermionic frequencis are equal, ω B q = ω F q . Note that the equation (73) is identically satisfied. The difference between the equation (72) near the critical point and at the critical point yields to the following behavior
where t g ≡ (g 0 −g 0 c )g 0 c , with g 0 being the zero temperature value of g. The upper critical dimension is D u = x. Thus we verify the existence of a quantum phase transitions even in the case where the supersymmetry is not broken, because the saddle point conditions (72) and (73) In the same way as in (71) the critical behavior reduces to that of the bosonic quantum spherical model
The quantum upper critical dimension is D u = 3x/2.
VI. CONCLUSIONS
In this work, we reported some results about the stochastic quantization of the spherical model, On the basis of the Nicolai map, we investigated the stochastic quantization of the strict spherical model. We showed that the result of this process is an off-shell supersymmetric extension of the quantum spherical model with the precise supersymmetric constraint structure. This analysis establishes a connection between the classical model and its supersymmetric quantum counterpart.
This supersymmetric construction is a more natural one and gives further support and motivations to investigate similar connections in other models of the literature.
We investigated the existence of classical and quantum phase transitions in two particular situations according to different choices for the parameters λ and γ, which are the saddle point values of the fields that implement the constraints r S 2 r − N = 0 and rψ r ψ r − i r S r λ r = 0, respectively. In both situations the model exhibits classical and quantum phase transitions. For λ = 0 and γ = 0, corresponding to "turning off"the constraint that couples the bosonic and fermionic degrees of freedom, the critical behavior reduces effectively to that of the bosonic quantum spherical model [9] . On the other hand, for λ = 0 and γ = 0, there is a coupling between the bosonic and fermionic degrees of freedom, leading to a distinct critical behavior. At zero temperature, this corresponds to the supersymmetric situation. We found a quantum phase transition even in this supersymmetric situation. This result is different from that obtained with a previously constructed version in [10] . There, a supersymmetric version of the quantum spherical model was constructed in ad hoc way, without the presence of the auxiliary field λ r . In the present work, we have constructed a supersymmetric model following the steps of the stochastic method and have automatically obtained an off-shell version, involving the auxiliary field λ r . Naively, we could think that the two models are the same after the elimination of the auxiliary field λ r by integrating it out. But, due to the presence of the constraints, which involve the auxiliary field, this process is not innocuous, and will generate additional terms that are not present in the model in [10] . Furthermore, in the present case, the vanishing of the ground state energy, required by supersymmetry, does not fix the parameter γ, as it can be seen from equation (69).
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We shall use the variable t to represent the Euclidean time and the variable τ will be reserved to the fictitious time in the stochastic quantization process. We start the stochastic quantization procedure by assuming that the spin variables depend on the fictitious time S r (t) → S r (t, τ ), whose evolution is governed by the Langevin equation (with κ = 2),
where S is the Euclidean action,
and η r (t, τ ) is the Gaussian noise. It is worth to stress that the Langevin dynamics considered
here constitutes just an intermediate step towards the quantization of the model. Notice that the Langevin dynamics itself for the classical spherical model was studied by several authors, for example [21] [22] [23] [24] .
We will consider the problem of stochastic quantization at finite temperature, that can be put in consonance with the imaginary time formalism of field theory. In this situation, the Euclidean or imaginary time is restricted to the interval [0, β] and the fields must satisfy periodic or anti-periodic conditions according to their bosonic or fermionic character, respectively, i.e., ϕ(0) = ±ϕ(β).
Besides the fields, the noise must also satisfy periodic or anti-periodic conditions. Namely, for a bosonic or fermionic noise we have η(0) = ±η(β), assigning to it the same character as the corresponding field. Then, the Gaussian noise average must be adequate to reflect the periodic conditions of the bosonic fields in the imaginary time [4] , i.e., η r (t, τ ) = 0 and η r (t, τ )η r ′ (t ′ , τ ′ ) = 2 β
where ω n is the Matsubara frequency ω n ≡ 2πn/β, with n ∈ Z. It is convenient to introduce the Fourier decomposition of the variables S r (t, τ ) and η r (t, τ ) taking into account the periodic By identifying J(q) as the Fourier transformation of the interaction energy J r,r ′ ,
with h = r − r ′ , the Langevin equation in the Fourier space takes the form ∂S q (ω n , τ ) ∂τ + ω 2 n g + 2µ + J(q) S q (ω n , τ ) − η q (ω n , τ ) = 0,
whose general solution is given by S q (ω n , τ ) = S q (ω n , 0) e −Ω 2 (q,n)τ + τ 0 dτ e −Ω 2 (q,n)(τ −τ ) η q (ω n ,τ ),
where Ω(q, n) is defined as
From the solution (A9) we can determine the correlation functions of the mean spherical model according to (A5). As stated early, the correlation functions so obtained must recover those of the quantized spherical model whenever we take the appropriate limit of the n-point function
In particular, for the 2-point function we get
In this expression we have discarded terms that do not contribute in the equilibrium limit. Then, by taking τ = τ ′ → ∞, we find the correlation function in the momentum space for the quantum spherical model
where
Consequently, the correlation function in the coordinate space is given by S r (t)S r ′ (t ′ ) = 1 N q g 2w q e −(t−t ′ )wq + e −[β−(t−t ′ )]wq 1 − e −βwq e iq·(r−r ′ ) .
The equal-time correlation function reduces to, S r S r ′ = 1 N q g 2w q coth βw q 2 e iq·(r−r ′ ) ,
that is the usual quantum pair correlation function of the spherical model (see, for example [19] ).
We can also obtain the classical correlation function by taking the limit g → 0:
S r S r ′ = 1 N q 1 2β 
The quantum self-correlation furnishes the constraint condition corresponding to the mean spherical model if we impose r S 2 r = N ,
The constraint equation (A17) may be used to determine the critical behavior of the model [9, 10] .
To this purpose it is convenient to parametrize the interaction energy as J(q) ∼ |q| x for small values of |q|. The parameter x specifies the range of interactions, for example, for short-range interactions we have x = 2. The quantized spherical model is quite interesting in the sense that it exhibits a quantum phase transition, i.e., a phase transition at zero temperature besides the usual finite temperature phase transition.
